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AB3STRACT. Expressions relating the roughness of a plane surface to its
specular reflectance at normal incidence are presented and are verified
experimentally. The expressions are valid for the case when the root
mean square surface roughness is small compared to the wavelength of
light. If light of a zufficiently long wavelength is used, the decrease
in meavured zopecular reflectance due to surface roughness is a function
only of the root mean csquare height of the zsurface irregularitiss. Long-
wavelength specular reflectance measurements thus provide a simple and
sensitive method for accurate measurement of surface finish. This method
is particularly useful for surface finishes too fine to be measured
accurately by conventional tracing instruments. Surface roughness must
also be considered in precise optical measzurements., For example, & non-
negligible systematic error in specular reflectance measurements will be
made even if the root mean square surface roughness is less than 0.01
wavelsngth. The roughnezs of even optically polished zurfeces may thus
be important for measurewents in the visible and ultraviolet regions of
the spectrum. . ))
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This paper reports a new, high-precision, reflection method of
measuring surface roughness. It provides for the replacement of the
crude surface measuring devices, such as the profilometers found in

macliine shops.

of polishing metal surfaces which has been an art to date. Use of
higher temperatures and bearing speeds demands the transfer of metal
polishing from an art to a technological basis
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Relation Between Surface Roughness and Specular Reflectance
at Normal Incidence

H. E. BENNETT AND J. O. PorTEDS "
Michelson Laboratery, China Lake, Californio N
(Received July 11, 1960) . . 4 °

Expressions relating the roughness of a plane surface to its specular reflectance at normal incidence are
presented and are verified experimentally. The expressions are valid for the case when the root mean square
surface roughness is small compared to the wavelength of light. If light of a sufficiently long wavelength
is ysed, the decrease in measured ﬁpccular reflectance due Lo surface roughness is a function only of the root
mean square height of the surface irregularitics. Long-wavelength specular reflectance measurements thus
Jprovide a simple and sensitive method for accurate measurement of surface finish. This method is particu-
larly useful for‘surface finishes too fine to be measured accurately by conventional tracing instruments.
Surface roughness must also be considered in precise optical measurements. For example, a non-negligible
sy stematic error in specular reflectance measurements will be made even if the root mean square surface
roughness is less than 0.00 wavelength. The roughness of even optically polished surfaces may thus be

important for measurements in the visible and uliraviolet regions of the spectrum.

.

'INTRODUCTION

HE reflectance of a surface is a sensitive function
of its roughness. However, an adequale and
experimentally verified theory relating these properties
lius been lacking. This paper dlescribes such a theory
and its verificwiion for the case of normal incidence.
Several experimental investigations of the relation
bLetween the roughness of machined metal surfaces or
ground glass surfaces and the specular or diffuse
retlectance*have been reported.t=¥ Light in the visible
region was used and in most cases the reflectance was
measured at oblique inciderree, since at these tvave-
lengths the surface irregularities are comparable in
magnitude to the wavelength and the amount of light
which is specularly reflected at normal incidence is
quite small. Under these, circumstances the reflectance
depends not only on the surface roughness but also on
other aspects of the surface, e.g., the root mean square

U Lord Rayleigh, Nature 64, 385 (1901).

2 |, Jentzsch, Z. tech. Physik 7, 310 (1920).

3 F. Masunuma and J. Nara, J. Bhys. Soc. Japan 11, 69 (1956).

+W. E. K. Middleton and G. Wyszetki, J. Opt, Soc. Am. 47,
1020 (1957).

4R, 8. Hunter, J. Opt. Soc. Am. 36, 178 (1940).

8 J. Guild, J. Sci. Instr. 17, 178 (1940,

7 E. A. Ollard, J. Electrodepositor's Tech. Soc. 24, 1 (1949).

8 J, Halling, J. Sci. Instr, 31, 318 (1954).

*

slope, so that reflectance measurements have been of
only limited usefulness as a method of determining
surface roughness,

The present investigation suggests that if somewhat
longer wavelengths are used for such surfaces, the
characteristics of «the surface other than roughness
become unimportant and specular reflectance measure-
ments at nearly normal incidence provide a simple
and precise method of determining the root mean
square rou«rhne\s of a plane surface. This method can
best be applied (g surfaces with a root mean square
roughness of less than 30 uin. The roughness of surfaces
in this range is of considerable practical importance,
and current methods of measurement are not completely
satisfactory. The reflectance method is easily applied,

does not disturb the surface, and is particularly useful

for surfaces not amenable to other techniques.

Little attention has been given to the-effects of
surface roughness on optical measurements when the
surface irregularities are very small rclative to the
wzwclcngth and diffraction eflects predominate. This
situation is mthcr surprising in view of *the extremely
large number of measurements of the spccuhr reflect-
ance, lransmittance, or polarization of various materials
which have been made. Although the reflectance is
more sensitive to surface roughness than is the trans-

) 123
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124 H, E. BENNETT
mittance,??® a significant systematic error will exist in
precise optical measurements of either quantily if the
surfaces involved are not sufficiently smooth. The
degree of smoothness required is much more critical

than has been previously supposed.

THEORY

Expressions for the relation between reflectance and
root mean square rodghness may be obtained from the
stalistical treatment of the reflection of cleclromagnetic
radiation from a rough surface derived by Davies.
Although” this theory was “developed in connection
with the scattering of radar waves from rough waler
surfaces, it is equally valid in the optical region, The
surface is represenled by a statistical model having
the following properties: (1) The root mean square
roughness ¢, defined as the root mean square deviation
of the surface from the meard surface level, 1s small
compared with the wavelength X. (2) The surface is
perfectly conducting and hence would have a specular
reflectance of unity if it were perfectly smoﬁlh. (3)
The distribution of heights of the surface irregularities
is Gaussian about the mean. (4} The aulocovariance!!
function of th® surface irregularities is also Gaussian
with standard deviation a. The surface has the statis-
tical properties of stationarity and ergodicity with
respect to position along the surface.

If a surface is flluminated with a parallel beam of
monochromatic light, the reflectance may be divided
" into two components, one of which arises from specular

reflection and the other from diffuse reflection  or
scattering. Davies’ expressiog for the specular com-
ponent for a perfect conductor redices for (e case
of normal®incidence 1o exp[~ (4re)2 \*F Since no
. material is perfectly conducting, in order to apply
Davies’ theory to an attual metal surface it is nécessary
to modify this ‘expressiom slightly to give for the
specular reflectance at normal incidence ’

. Ry=Ruexp[—(4ma? M), (1)

where R, is the specular reflectance of the rough surfale
and R, that of a perfectly smooth surface of the same
material. The ‘angular depeddence of °the diffusely
reflected light can also be obtained from Davies’
theory. If Ry is included as before, for light at nbrmal
incidence the expression reduces to '

ra(0)d0="Ro2r(a N2 (s/\)2(cosh--1)*ind
Xexpl[— (wa sing)2A\2d0.  (2)

# R. W. Wood, Physical Optics (The Macemillan Company, New
Yok, 1934), 3r%ed., p. 41,

19§, Davies, Proc, Inst. Elec. Engrs, 101, 209 (1954),

U Davies refers Lo this funceion as the autocorrelation function,
However, we shall use the term autocovariance functio as a
more appropriate name when the function in question is not
normalized. For a discussion of the properties of such functions
sce J. H. Laning, Jr., and R. H. Batlin, Randem Processes in
Audomatic Control (McGraw-Hill Book Company, Inc,, New York,
1956); and R, B. Blackman and J. W. Tukey, The i casurement
of Power Specira (Dover Publications, New York, 1938).
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Here r,(0)d0 refers to the fraction of the reflected light
which is scattered into an angke between 0 and 6+df
at an angle 0 from the notmal to the surface. If m is
the root mean square slope of the profile of the surface,
the autocovariance length a is, as is shown in the
Appendix,

a=v\2o/m. (3)

v

Therefore, if the refllectance on the normal is measured
with an instrumental acceptance angle A8, for light
al normal incidence the contribution from diffuse
reflectance is

Al YA

f T¢I(0)([0=Ru—~—2—‘§g/)\)-i(Ao)z‘ R

&

Note that this contribution to the measured refleCtance
decreases very rapidly with increasing wavelength,
For sufficiently long wavelengths the diffuse reflectance
may therefore be neglected. The measured reflectance is
then essentially specular and is given by Eq. (1). It
depends only on o and is not affected by the root mean
square slope of the surface.

To summarize, the complete expression for the

measured reflectance R is
L]
5,4

R= Ry exp[— (dra)2/N] +Ry—(q/. A(ag  (8)
mt .

o4

If reflectance measurements are made at sufficientiy
long wavelengths, o can be calculated directly from
* the mcasureﬁ reflectance since Eq. -(5) reduces™
Eq. (DAL shorter wavelengths, however, the reflect-
.ance near the gormal will be a function of both thc
surface ypughness and the rool mean square slope of
the surface irregularities. By measuring the.reflectanic
at two wavelengths, one of which is long .enough o
that the effect of she slope may be neglected, it should

° be possible to determine both the surface foughness

and the rpot mean square slope of the surface
irregularities. | .

When the wavelength is long enough so that the
diffuse reflectance may, be neglected, Eq. (5) may be
written

" JoguRo/R=[ (4ro)?, 2B03](1/\2). ),

Thus, il Ry'R is*plotted on semilog paper vs 1/32 a
slmf’ght line through the origin with a slope which is
directly proportional to ¢? is obtlained. It is convenient
to us¢ this equation to caleulate the value of the root
mean scuare roughness from the experimental values
of the reflectance at normal incidence. Approximate
values of the roughness may be obtained in this way
even if the contribution from diffuse reflectance is not
negligible. :
The surface roughness may also be obtained from
measurements of the total diffuse reflectance using an
integrating sphere, If R/Ry is near unity, Eq. (5) may

®

£l




L

February 196! RELATION BETWEEN SURFACE ROUGHNESS AND REFLECTANCE 125

be expanded to give
0'=)\(R()“R)Q/47F.R()a. (7)

Replacing Ry—R in Eq. (7) with Ry, the total difftise
reflectance, yields

& Ry=Ry(bra)2/ N2 (8)

If the ratio Ry/Ry is measured al a fixed wavelength,
the surface roughness o is dircctly prygportional to
a(Rd/’Ro)*. This proportionalily was discovered em-
pirically by Engelhard,® who used it to make a cor-
rection for the surface roughness of gauge blocks.

The increasingl} important part played by the
surface roughness as the wavelength becomes longer
may be easily understood from a physical point of

L View. Consider a nominally plane surface made up of
‘many small lacets randomly oriented in various
directions. If the dimensions of the facels are large
compared with the wavelength of light, the reflectance
of a surface in a given direction is determined entirely
by geometrical optics and is a function only of the
inclinations of the facets. As the wavelength becomes
longer, difiraction eflects become important, and the
reflectance i a function of both the inclination and
the size of the facels. As the waveleng(h becomes still
longer, so that the dimensions of the facets become
very small by comparison, the reflectance of the surface
will be determined almost entirely by dilfruction
effects. The surface roughness will then be the only
important parameter. )

Although it is assumed in.Davies' theory thal the
surface is perfectly otropic, this copdition is by no

means necessary. Frequently in practice, particularly-

with machined, surfaces, there is a preferred direction
technically referred to as the lay of the surface. .In
the case of such an anisotropic surface, the concept of

a mean sqyare slope must be extended. Suppose for -
.

example that the autocovariance function for such a
surface is . Gaussian, but with two different auto-
covariance lengths ¢ and b corresponding to two
ortiogonal directions » and v along the surface. It can
be shown by a derivation similar to that for the
isolropic surface that the quantity m>in Eq. (3) is
replaced by mgnin, where m, and mu are the root mean

square slopes measufed in the r and ¢ directions
. 5 p b )

respectively.
EXPERIMENTAL

To test the theory presented above, a series of flat

» 13-in.-diam disks of various roughnesses were prepared.

The disks were overcoated with an opacue, evaporated
aluminum film, and the reflectance was measured as a
function of wavelength. Both steel and plate-glass
disks were used. The steck,disks were made of ATSI
type 01 tool steel hardened to Rockwell 38 60, and

a fine feed surface grinder was used to oblain the
L

12, Engelhard, Natl. Bur. Standards Cire, No, 581, 1 (1957).

finish. Roughnesses of the samples were 2%, 8, and 32
uin, root mean square as measured with a profilometer,
Some lapping was necessary for the 23-uin. sample.
The plate-glass disks were ground using grinding
particles of 5-22 u average particle si%e. The ground
disks and a plane plate-glass reference disk were
aluminized in one evaporation, and the reflectance at
essentially normal incidence was measured as a function
of wavelength in the 2-22-u infrared region using the
reflectometer reported previously.!® IF or%ighly reflect-
ing samples an accuracy in measured reflectancervalues
of about 0.1¢¢ can be obtained with this instrument.
Since a solid angle of only 0.03 sr about the direction
of specular reflectance is accepted by the instrument
on cach of the two reflections from-the sample, only
light reflected almost specularly is recorded.

RESULTS

The theoretical wavelength dependence of the
decrease in reflectance caused by surface roughness is
in good agreement with experiment. A typical relative
reflectance vs wavelength curve is shown in Fig. 1.
The circles represent experimental values. The solid
line wasx computed on the assumption that only the
specularly reflected light need be considered. The
reflettance is then only a function of ¢ and not of .
The solid line fts the experimental points quite well
above 0.90 reflectance, but begins to decrease too
rapidly for lower reflectances indicating that here
there “is an appreciable contribution from diffuse
reflectance near the normal. The dotted line, which
was computed assuming a conlribution from both
specular and diffuse reflectance,"fits the experimental
data to about 0.75 reflectancg. At lower reflectances
the requirement that ¢ € <X is violated, and the theory
would not be expected to hold. These curves demon-
strate that if 7 is to be detertnined from Eq. (1) without

100

90+

80

0+

B0

‘501

RELATIVE REFLECTANCE

A0} o

1 1 1 1 i i
3
2 6 10 14 18 22
WAVELENGTH A (A)

6. 1. Relative reflectance of a finely ground glass surface as
a_function of wavelength. Circles indicate experimental points,
Fhe dotted cudve was caleulated from Eq. (5) and the solid
curve from Eq. (1), Both curves coincide above R/Ry=0.90

BH. E. Bennetl and W. I, Koehler, J. Opt. Soc. Am. 50,.1
(1960). .
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126 H., E. BENNETT
danger of a significant systematic error, the wavelength
must be sufficiently long that the diffuse reflectance
near the normal is negligible. It is interesting (o
observe, however, that even al a relative reflectance
of 0.40 the value of o computed from the experim@ntal
values of the reflectance and neglecting the gontribution
from the diffuse reflectance is in error by less than a
factor of 2.

The root mean square surface roughness values for
ground glass surfaces obtained by this refleclance
method are recorded in Table I and are in good
agreement with results obtained using other methods
of measurenfent. In cases where the relative specular
reflectance was less than 0.90 at the longest wave-
length measured, a small correction was applied to
the observed reflectance for the diffuse reflectance near
the normal in accordance with L. (3). In making this
correction the value of »? {or the rougher ground glass
surfaces was assumed Lo be equal to that measured for
the smoother surfaces. Although the irtegularities on
a ground glass surface are so closely spaced and so
irregular-in \lmpc that the usual techniques of rough-
ness measurement fail, Preston™ has reported a value
of about 1 wav elcnﬂlh of visible Hght for the average
peak to valley clep'h of.a finely ground glass surface.

This figure is in ﬁood 'wrccmcnl with the results

repofied in the last u)lumn of Table I.

The root mean square surface roughness values for
the ground steel surfaces obtained by this reflectance
method are recorded, in Table IT along with the
corrésponding  profilometer  values and the ratio
a(optical) ‘o(profilometer). Although the surface rough-
ness of the samples changes by an order of magnitude,
the roughness values obtained by thése two methods
are generally c¢ompatible. However, as the sucface
becgmes smoother, the discrepancy between the two
methods increases until for the smoothest surface the
roughness obtained from the optical measurements is
2% times that obtained using the profilometer. This
result would be expected if the tip of the profilometer
stylus did not bottom in the grooves on the smoother
surfaces, Since the diameter of the {racing stylus is
1000 in., or about two orders of magnitude larger than
the roughness to be measured, failure of the tip to
bottom is Cd\ll} understood. e

TasLE I. Roughnesses of ground glass surfaces.

——— e e ——

Average °
particle
. : Siz¢ 4
Grade Composition (microns) (mncronc)
302 emery powder 22 1.0
W6 garnct powder 12 0.7
3033 emery powder 11 0.0
W10 garnel powder 5 0.2
305 emery powder 5 0.15

AND

#when smoother surfaces

/

J. 0, PORTEUS Vol. 51

‘Fasre IT, Roughnesses of ground steel surfaces,

o Profilometer o Optical o Oplical o Optical/
(microinches) (microinches) (microns) ¢ profilometer
32 510 1.30 1.6
8 15.8 0.40 2.0
25, 6.2 0.6 2.5
- T T ey fivapmp—cn gy E ™ _g—‘ww ———

An important advaniage of the reflectance method
are to be measured is most
casily explained by comparison with the profilometer,
The profilometer stylus is of a fixed size, and hence
the percent uncertainty in the measurements in-
creases as the surface becomes smoother. However in
the reflectance method, a shorter wavelength is used
for smoother surfaces so that the percent uncer-
tainty remains the same. Thus, when using the reflect-
ance method, the accuracy with which the rough-
ness of a rather smooth surface can be measured is the
“same as that for a much rougher one.

The precision of mcasurement of surface 1oughne~\
which may be obtained using the reflectance method i~
good. Since the square of ¢ appears in the exponent in

'Eq (5), the reflectance is sensilive lo a small change

in ¢. Even il a crude refleclometer is used d]ld the
uncertainty” in the measured rellectance is 2=1¢7, the
uncertainty in the value of o is 57 at a relative
reflectance of 0.90. For a 2-pin. rool mean square
roughness surface, this uncertginty is ==0.1 uin. With
the best reflectometer in our laboratory, this un-
certainty can be reduced by an order of y.agnitude.

The rellectance method is Iree [rom other dis-
advantages of previously used methods of measuring
surface roughness. Tor example, most conventional
methods  employ a “diamond tracing stylus whicl:
leaves a deep’ scradch on metal surfaces, Such insfru-
ments are insensilive to roughnesses of less than a few
microinches, even if the surface is composed of very
hroad, shallow grooves. I the surface is irregular with
deep microscratches in which the diamond point can-
not hottom, these tracing instruments c,muot be used
al all. Under restricted conditions an *interferometric
method ¢an be used,'® but determining root mean
square roughnex\‘ in this way is difficult and :time
consuming compared to the reflectance method.

I a small and relatively inexpensive spectrometer
were fitted with sodium chlorigle and cesium bromide
prisms, i would be possible to cover the 1-40-u wave-
fength range with sufficient resolution for surface
roughness measurement. I a smooth, flat sample of
the same material were used as a standard, the dala
necessary for caleulating the root mean square rough-
ness from Eq. (1) could be obtained by simply turning
the wavelength control until the reflectance of the rough
surface is 907 of that of the glandard. If the wave-

MW, Preston, Trans, Opt. Soc. (London) 23, 141 (1922).

1AV, 1¢, Koehler and W. C. While, J. Opt. Soc.

Am, 45, (011
(1955).
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length drum were cahbratcd in values of the root méan
square roughness, no calculation would be necessary,
and the roughness could be read directly [rom the
drum setting. Although the surfaces o be méasured
would have to be carclully cleaned, this measuring
procedure would be rapid, versatile, and nondestructive,
It could be performed by unskilled personnel and
would not he subject to operator error.

OPTICALLY POLISHED SURFACES

Since very small surface roughnesses may be of
importance in oplical measuremenls, it is important
to consider \\'hclher the theory fits lhe C\peumcntal
data for very small values of ¢ \. The derivation is not
valid when ¢ M1, and indeed under these circum-
stances Huygens’ principle, en which the theory is
based, would be expected to fail. However, the change
in relative reflectance with wavelength calculated
from Eq. (3) fts the experimenlal data for the
smoothest  ground-glass and steel surfaces at  the
longest wavelengths which could he measured with the
present equipment. Typical results for a ground-glass
surface are shown in Fig. 2. The solid line represents
the calculated decrease in reflectance caused by a
surface roughness so small that the ratio of ¢ N was-
only about 0.01. Note thal the calculated and measured
reflectances show -no tendency to diverge even for the
smalle8t value of ¢ N, where lhc \'pccu\ur rellectance
of the ground surface was only $55 less than lel of a
plane surlace. Since the lheorcludl expression ap-
.proaches the correct limit as thg surface bhecorpes
petfectly smooth and the error in measured reflectance
caused by surface roughness becomes zero, il seems

probable that the calculated curve holds for e®en smaller

values of ¢ N than were obtained experimentally.

3.0 -

ERROR IN MEASURED REFLECTANCE (%)

[}
1 1 1
. o, .005 010 .0l5 ‘

rms SURFACE ROUGHNESS '/WAVELENGTH A
T16. 2. Error made in refleclance Cmcawrcmcnls when surface

mu;,hncssvls neglected. Circles represent experimental points,
The solid line was calculated from Iiq. (1),

SURFACE ROUGHNESS AND

plane, they used® an
1 ) )

REFLECTANCE 127

T T T T T T T
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I'te. 3. Frror caused by surface roughness in reflectance

measurements as a function of wavelength. Dotted lines indicate

.the surface roughnesses of typical optically polished glass surfaces

caleulated from the experimental data of Koehler and \\’Inte

An .example of the importance which the surface

‘roughness of .optically polished surfaces may have

when measuring the intrinsic specular reflectance of
materials i in thc- visible ands ultraviolet regions of the
spectrum fs shown in Fig, 3. In this‘figure the error in
the measured specular reflectance cumed I5y surface
roughness is plotted vs wavelength.” Since a log-log
plot is used, the calculated values of ¢ which give a
particular error in reflectance lie on straight lines when
plotted as a function of wavelength. Since optically
polished glass surfaces are among the smoothest
surfaces m.'uldbl@ the roughnesses ,of some* typical
optically polished glasses are shown for comparison
purposes. Data on the roughness of polished glass were
taken from the work of Koehler and White.!51% Since
their data indicated that the irregularities on a polighed
glass surface were not symmelrical about an average
unsymmétrical  distribution
function. Also, they report only the distribution of the
maxima of the irregularities rather than that of all
points on the surface. In order to compare their data
with the theory presented here, however, it is necessary
to use a Gaussian distribution funétion. A® triangular
shape was assumed for the irregularities. The numbers
presented here for the roughnesses of Various polished
glags surfaces are tl]u\ ondy approximate, but* do

indicate lh@c rangeeof errors which one ‘might expect to

find in reflectance mecasurements 4t shorter wave-
lengths using even optically polished surfaces. For
exampley if o materfal having the surface roughness of
DF 3 fint glast weré used, an error of about 1%
would bcocxﬁecled ui refleclance measurements made
in the visible. This error is an order of magnitude
grealer than the accuracy with which the reflectance
can be measured.” It would be expected tu be nearly
two orders of magnitude or 100 (imes greater than the
accuracy of measyrement in the ultraviolet.

5
163V, I, Kochler, J. Opt. Soc Am. 43, 743 (1933).
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. ¢ CONCLUSION We then consider .
The expressions relating the reflectance at normal w o
incidence to the surface roughness givega yavelength |5, 1/X)(1/7) f f (0zxv/0x) dxdy ®
dependence which is verified by experiment. In addi- x,y-w AT

tion, from measurement of the reflectance a value of
the root mean square surface roughness can be obtained
which is in good agreement with the results using other
techniques. Since the surface roughness can be deter-
mined with precision regardless of the root mean square
slope of the surface irregularities if the measurements,
are made at sufficiently long wavelengths, a possiblc
qppllmtmn to measurement of surface finish is sug-
gested. The theory may also be applied Lo optically
polished surfaces, since experimental results show that
it holds even for surfaces which have a root mean square
roughness of less than one hundredth of the wavelength
employed. ‘A non-negligible systematic error in reflect-
ance measurements made in the visible and ultraviolet
may result from surface roughness even if good
optically polished surfaces are employed. ’

o
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APPENDIX °

In this appendix we develop the relationship between
m, the root mean square slope, and a, the autocovariance
leng{h of the surface. Let s(a,y) represent the surface
height as a function of position along the surface,

Iollomng Davies," we approximate the actual surface * p2= lim (1, X)@/T) f f (Fsxy/Fxydedy.  (13)

by a syrface of infinite extent with the same statistical
character throughout. The mean square slope m?
measured in an arbitrary direction, which we take as
the a direction, is then defined by

Cme= lim (1/X)(1/T)
X,V

X
f = (9g/0x)%dxdy, (9)
xi2vY vy

]

where we assume that 22 and (93/9x)? are noninfinite

“at all points on the surface, The relationship between

m* and parameter ¢® of the aulocovariance Iunchgn
involves the Fourier transform of the autocovariance
function, In order to establish this relationship, ope
may apply the two-dimensional Parseval relation!” to
Eq. (9). However in order {o do this the equation mut
first be expressed in an appropriate form.» ,

To convert Eq. (9) to the proper form for application
of the Parseval relation, we introduce the new function
zxy (wgy) =2(x,9)rx (x)ry (v). Here rx and ry are func-
tions which may be used to control the hehavior 6f
zxy(%,y) in the region XN/2< x| <=, 1/2<]y| <.

178, Bochner and K. Chandrasckharan, Fourier Transforms
(Princeton Universily Press, Princcton, New Jersey, 1949), p. 67.

on-—‘_ll'ga(lf ‘\)(1/1 ) fm fw

= Jim (1/X)(1/¥) f i j 1A () (32/05)r(2)

+22(02/0x)rx (x) (drx/ dx)

+-22(drx/dx)2 Jdxdy.  (10)e
We now let
rx(w)= (X/ X+ (/5 (X/28)+1];
—(X/2)-E<a<—(X/2)
=(X/X+8); [+ <(X/2) ’ (11)
= (X/X+6)[— (a/H+(X/28)+1]; ’
(X/2)<x<(X/2)+¢
where £ is anearbitrarily small constant, and
r)=1; [y <(¥/2)
a2z

=05 Iyl>(T/2)

This causes all (erms except the first in the square
bracket of Eq. (10) to vanish outside of a finite region,
and hdnce give a vanishing contribution to the integrul
in the llmll Furthermorg, the right Sand side of Eq.
,(10) becomes equivalent to the right-hand side of
"Eq. (9). (‘ombmmg these results le‘]dS

6 9

XY e

@ ° k)
\pp]udtlon of tlie two-dimensional-Parseval relation
to Eq. (13),which is now in proper form, yields

s :
B
ax "

® ®

dudy

—_— -0

ety

where -[dzxy 7339, (u,0) (lenotes -the two- dimensional
Tdutier fransform of (9zxy /). Tooblain the connection
with the autocovariance fumctlion of 2, we write the inte,
grahd of Eq. (14) in terms of [exr]s directly.” This
may“be done by partial differentiation of the equation
defining the inverse Fourier transform: e

s (v,y) = f f [z_w@],(n,v)c'-'“"-"‘"*‘””’d‘u(iv. (15)
We thus infer that
fazxy .
—— | (16,9) =2mine[ zxy s (10,2) (16)
L ox s ¢
*
* @
] -
@ ®

®
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#and ﬁnally@that
m*=lim (1/X)(}/T) f 4| [zey ]y (1, | *dudo
o

Yoo — V20

=dnriun{d ,(u,0)} (17)

where <l ;(u,v) denotes the Fourier (ransform of the
autocovariance function of z, and uae denotes the second
emoment with respect to,# and the zeroth moment
with respect to v of (1,0).
To show that the expression

Aglu)= lim (1/X) (/TN v ] (0,0) |2
X, Yoo
Is in accordance with the customary definition of the
autocovariance function is perfectly straightforward.
Taking the inverse Iourier transform of both sides
vields

Als)= lim (1/X)(1/T) f ' f (o) (s ()]

X, Y0

X[a(s—x, t=)rx(s—)ry ((—y) Jdxdy.  (18)

®

Using the above definition of rx and ry causes this
expression to reduce to
A(s,H= lim (1/X)(1/Y) &

XYoo

X/2 Y/2

x [ (5, 3)e(s— (—y)dxdy, (19)
_Xx/j2 Yy

&

which is the usual definition of the autocovariance
function.

All that remains to obtain the relationship between
2 and a? is to substitute the Fourier transform of
the Gaussian autocovariance function

A(s,0)=c%exp[— (s*+2)/a*]

into Eq. (17). One thus obtains
mi=dg? f f w[o*ra? exp—na? (%) Jdudv  (20)

or
mi=2(g/a)" (21)

@
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